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Abstract
We discuss the structure of integral e´tale motivic cohomology groups of
smooth and projective schemes over algebraically closed fields, finite fields,
local fields, and arithmetic schemes.
1 Introduction
Let B be the spectrum of a Dedekind ring or field, X a smooth and projective
variety over B, and Z(n) Bloch’s cycle complex. The goal of this paper is to find
structure results for the integral e´tale motivic cohomology groups H iet(X,Z(n))
of X . Our first result concerns algebraically closed base fields:
Theorem 1.1. Let B = Spec k be the spectrum of an algebraically closed field of
characteristic p ≥ 0, i 6= 2n, and d = dimX. Then we have an isomorphism
H iet(X,Z(n))
∼= Di(n)⊕ C i(n)⊕ P i(n),
where
1. Di(n) is uniquely divisible, and vanishes for i > min{2n, n+ d},
2. the prime-to-p torsion part C i(n) is isomorphic to Q/Z[1
p
]r⊕F i(n), invari-
ant under extensions of algebraically closed fields, F i(n) =
∏
l 6=pTorH
i
et(X,Zl)
is a finite group independent of n, r ∈ N0 is independent of n if n 6=
i−1
2
,
and C i(n) vanishes unless 1 ≤ i ≤ 2d+ 1,
3. the p-primary torsion part P i(n) is isomorphic to (Qp/Zp)
s ⊕ P ic (n), with
P ic(n) an extension of a finite group F
i
p(n) by a finitely generated torsion
W (k)-module U i(n), and P i(n) = 0 unless n + 1 ≤ i ≤ n + d + 1 and
0 ≤ n ≤ d.
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We have the following duality statements:
Proposition 1.2. Under the hypothesis of the theorem,
1. F i(n) and F ip(n) are Pontrjagin dual to F
2d+1−i(d−n) and F 2d+1−ip (d−n),
respectively.
2. If n, u ≥ 0, i 6= 2u + 1, and 2d + 2 − i 6= 2n + 1, then the Tate module of
C2d+2−i(n) is Pontrjagin dual to C i(u)/F i(u).
3. U i(n) ∼= HomW (k)(U
2d+2−i(d−n), CW (k)), for CW (k) the co-Witt vectors.
From the Rost-Voevodsky theorem it follows that the motivic cohomology
groups H iM(X,Z(n)) satisfy the conclusion of the previous theorem for i ≤
n + 1 and for n ≥ dimX as well. We mention some results and examples on
H2net (X,Z(n)) as well.
If the base field is finite, then a conjecture of Lichtenbaum gives a precise
conjectural description of the structure of e´tale motivic cohomology [20], and the
conjecture is equivalent to other deep and well-known conjectures. Over local
fields, our main result is:
Theorem 1.3. Let k be a p-adic field of residue characteristic p. ThenH iet(X,Z(n))
is the direct sum of a finite group and a group which is uniquely l-divisible for all
l 6= p, if either X has good reduction and i 6∈ {2n − 1, 2n, 2n + 1, 2n + 2}, or if
i 6∈ {n, . . . , n+ d+ 2}.
We also give a list of examples showing that the bounds are sharp, and ask
some more precise questions on the structure of the groups.
Finally, let C be spectrum of the ring of integers of a number field or a smooth
and proper curve over a finite field. In analogy to the situation over finite fields,
Lichtenbaum conjectures that if X is regular, and proper over C, then the groups
H iet(X,Z(n)) are finitely generated for i ≤ 2n, finite for i = 2n+1 and of cofinite
type for i ≥ 2n+2. If B = C −S is the complement of a finite, non-empty set S
of places, and X is smooth and proper over B, then we expect H iet(X,Z(n)) to
be the direct sum of a finitely generated group and a group of cofinite type, and
we raise the question if the group
Shi,n(X) = kerH iet(X,Z(n))→
⊕
v∈S
H i(X ×B Kv,Z(n)),
where Kv is the completion of the function field of B at the place v, is finite
if S contains at least one finite place. We show that the answer is (trivially)
affirmative for some small values of i and n, and prove
Theorem 1.4. If f : X → B is smooth and proper, then Sh3,1(X) is finite if
and only if the Tate-Shafarevich group Sh(Pic0,redXη/η) of the Picard variety of the
generic fiber is finite.
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Notation: Throughout the paper, n will be a non-negative integer. We
denote Z(n) Bloch’s motivic complex of cycles of codimension n, a complex of
e´tale sheaves on the category Sm/B of smooth schemes over B, [13, Thm.1.17],
by Z(n).
For an abelian group A we denote by mA its m-torsion, by A{l} = colimlr lrA
its subgroup of l-power torsion elements, by A∗ its Pontrjagin dual Hom(A,Q/Z),
by A∧ = limA/m its completion, by A∧l = limA/lr its l-adic completion, by
TA = limmA its Tate module, and by TlA = limr lrA its l-adic Tate module. The
subgroup of l-divisible elements is denoted by l- divA and the largest l-divisible
subgroup by l- DivA.
We will call an l-power torsion group of cofinite type, if it is of the form
(Ql/Zl)
r ⊕ F for a finite group F , and we call a torsion group of cofinite type if
it is of the form Q/Z[1
p
]r ⊕Qp/Z
s
p (where p is the characteristic of the base field
in case of algebraically closed and finite fields, and the residue characteristic on
case of local fields).
2 Algebraically closed base fields
Assume that k is an algebraically closed field of characteristic p ≥ 0.
Proposition 2.1. If l 6= p is a prime number, then the l-adic cohomology groups
H iet(X,Zl(n)) are finitely generated Zl-modules, of rank independent of l 6= p, and
torsion free for almost all l. The groups H iet(X,Ql/Zl(n)) and H
i
et(X,Z(n)){l}
are of cofinite type, of corank independent of l, and cofree for almost all l.
Proof. By SGA 4.5, the groups H iet(X,Z/l
r(n)) are finite, hence H iet(X,Zl(n)) =
limH iet(X,Z/l
r(n)) is a compact Zl-module, and hence finitely generated. By
Gabber [5], its l-torsion vanishes for almost all l. The rank does not depend
on l by comparing with the Betti-number in characteristic 0, and by the Weil-
conjectures in characteristic p. The statements for Ql/Zl-coefficients follows by
taking the colimit, and the statement about torsion follows from the surjection
H iet(X,Ql/Zl(n))։ H
i+1
et (X,Z(n)){l}.
For the p-part, we have the following:
Proposition 2.2. The groups H iet(X,Zp(n)) are the direct sum of a finitely gen-
erated free Zp-module and an extensions of a finite group by a finitely generated
torsionW (k)-module. The groups H iet(X,Qp/Zp(n)) and H
i
et(X,Z(n)){p} are the
direct sum of a group of the form (Qp/Zp)
r, and an extension of a finite group
by a finitely generated torsion W (k)-module.
Proof. We have H iet(X,Z/p
r(n)) ∼= H i−net (X, ν
n
r ) by [11]. By Milne [22, Lemma
1.8], the sheaf associated to the presheaf Hj(X×−, νnr ) on the category Pf/k of
perfect schemes over k with the e´tale topology is represented by a commutative
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perfect group scheme over k, corresponding to an extension of an e´tale group
scheme by a unipotent commutative quasi-algebraic group, whose limit is finite
dimensional by loc.cit. Prop. 3.1. Taking global sections over k, and then the
limit, the results follows. The statement about torsion coefficients follows by
taking the colimit, and the statement on torsion follows from the short exact
sequence
0→ H iet(X,Z(n))⊗Qp/Zp → H
i
et(X,Qp/Zp(n))։ H
i+1
et (X,Z(n)){p} → 0.
Indeed, since the left hand group is divisible, the cotorsion of the two groups on
the right is isomorphic.
Corollary 2.3. The torsion subgroup TorH iet(X,Z(n)) is a direct summand of
H iet(X,Z(n)).
Proof. The proposition shows that TorH iet(X,Z(n)) is the direct sum of a divisible
group and a group of finite exponent. The result now follows from [15, Thm.
16].
Proposition 2.4. Let F/k be an extension of algebraically closed fields. Then
for l 6= p, the base change maps
H iet(X,Z(n)){l}
∼
→ H iet(XF ,Z(n)){l}
H iet(X,Z(n))
∧l ∼→ H iet(XF ,Z(n))
∧l
are isomorphisms. For l = p, then are injective with cokernel of bounded expo-
nent. Furthermore we have
H iet(X,Z(n))⊗Q/Z
∼= H iet(XF ,Z(n)⊗Q/Z.
Proof. Consider the map of short exact coefficient sequences:
H iet(X,Z(n))/l
r −−−→ H iet(X,Z/l
r(n)) −−−→ lrH
i+1
et (X,Z(n))y
y
y
H iet(XF ,Z(n))/l
r −−−→ H iet(XF ,Z/l
r(n)) −−−→ lrH
i+1
et (XF ,Z(n))
Since the middle map is an isomorphism by the smooth and proper base change
theorem for l 6= p, and is injective with a cokernel bounded independently of r
for l = p because H iet(X,Z/p
r(n)) ∼= H i−net (X, ν
n
r ) and [22, Lemma 1.8], it suffices
to show that the outer maps are injective. We write F as a colimit of finitely
generated k-algebras A, and note that k ⊆ A is split because k is algebraically
closed. Since e´tale cohomology commutes with limits with affine transition maps,
the result follows.
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Note that no information can be deduced about a group from knowing its
completion and torsion subgroup, even in the absence of uniquely divisible groups.
For example, G = Z and G = ⊕lZ(l) both satisfy G
∧l ∼= Zl and G⊗Ql/Zl ∼= Ql/Zl
for all l.
Proof. (Theorem 1.1). It suffices to show that H iet(X,Z(n))⊗Q/Z = 0. Indeed,
then the short exact sequence
0→ TorH iet(X,Z(n))→ H
i
et(X,Z(n))→ H
i
et(X,Z(n))⊗Q→ 0
shows that H iet(X,Z(n)) modulo its torsion subgroup is uniquely divisible, and
the structure of the torsion subgroup is given in Propositions 2.1 and 2.2.
To show H iet(X,Z(n)) ⊗ Q/Z = 0, we take a (normal, reduced) scheme S of
finite type over Z and a scheme X over S such that X is the base change to k of
the generic fiber Xη. From Proposition 2.4 we know that H
i
et(Xη¯,Z(n))⊗Q/Z
∼=
H iet(X,Z(n)) ⊗ Q/Z, hence it suffices to consider the case k = η¯. Let N be
H iet(X,Z(n)) modulo its torsion subgroup, it suffices to show that N is divisible.
From the exact sequence 0 → l- divN → N → N∧l we see that it is enough to
show that for all l the map
N → N∧l ⊆ H iet(X,Zl(n))/Tor ⊆ H
i
et(X,Ql(n))
is the zero map. Since the smooth locus of X is open (and non-empty because X is
smooth), we can find a point SpecF of S with finite residue field such that the fiber
XF is smooth. If l 6= p, we have an isomorphism H
i
et(XF¯,Ql(n))
∼= H iet(Xη¯,Ql(n)),
compatible with the action of Gal(η)→ Gal(F), by the smooth and proper base
change theorem. For l = p, we can assume that S is of finite type over a finite
field contained in F, and the same statement holds by Gros-Suwa [12, Thm. II
2.1]. Now since
N ⊆ H iet(X,Q(n))
∼= H iM(X,Q(n)) = colim
L⊇η finite
H iM(XL,Q(n)),
every element of N has finite orbit under Gal(η). In particular, the arithmetic
Frobenius ϕ has finite order acting on any element of N . On the other hand,
by the Weil conjectures and its p-adic version, the eigenvalues of ϕ acting on
H iet(XF¯,Ql(n)) have absolute value p
n− i
2 , hence there is no element of finite order.
Proof. (Proposition 1.2). Since TlH
i+1
et (X,Z(n)) is torsion free, we get from the
coefficient sequence that
F i(n)⊕ P ic (n)
∼= TorH iet(X,Z(n))
∧ ∼= Tor
∏
l
H iet(X,Zl(n)).
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If l 6= p, then F i(n) does not depend on n because H iet(X,Zl)
∼= H iet(X,Zl(n))
for every n. Taking the inverse limit of Poincare´-duality we obtain
H iet(X,Zl(n))
∼= H2d−iet (X,Ql/Zl(d− n))
∗.
Since Hom(D,Q/Z) is uniquely divisible for a divisible group D, the map
H2d−i+1et (X,Zl(d− n))
∗ → H2d−iet (X,Ql/Zl(d− n))
∗
induces an isomorphism
(
TorH2d−i+1et (X,Zl(d− n))
)∗ ∼= (Cotor H2d−iet (X,Ql/Zl(d− n))
)∗
.
For the p-part, we use Milne’s duality [22, Thm.1.11], see also [12, Cor. 3.26].
Let U i(X, νr(n)) be the unipotent part and D
i(X, νr(n)) be the e´tale quotient
of the finite dimensional pro-group scheme H i−n(X × −, νr(n)) on Pf/k, see
also [12, Cor. 3.25]. Taking k-rational points we obtain H iet(X,Z/p
r(n)), and
since U i(X, ν·(n)) is finite dimensional by loc.cit. Prop. 3.1, we get U
i(n) ∼=
colimr U
i−n−1(X, νr(n))(k), and F
i
p(n) is isomorphic both to the cotorsion of
colimrD
i−n−1(X, νr(n))(k) and to the torsion in limrD
i−n(X, νr(n))(k). Hence
Di(n) ∼= Hom(D2d+1−i(d − n),Qp/Zp), which gives duality for F
i
p(n) exactly as
above, and U i(n) ∼= HomW (k)(U
2d+2−i(d− n), CW (k)).
Remarks
1. The method of Colliot-The´le`ne and Raskind [2, Th. 1.8, 2.2] yields similar
results away from the characteristic p.
2. It would be interesting to write down the duality pairing between U i(n)
and U2d+2−i(d− n) in terms of the motivic cohomology groups directly.
3. The Beilinson-Soule´ vanishing conjecture is equivalent to the vanishing of
Di(n) = 0 for i < 0.
4. If the base field has characteristic p > 0 and if we assume Parshin’s con-
jecture, then Di(n) = 0 for i < n [6]. A more careful analysis shows that
if the base-field has transcendence degree r over the finite prime field, then
H iet(X,Q(n)) = 0 for i < max{n, 2n− r} under Parshin’s conjecture.
5. There is no non-degenerate pairing between Di(n) and some Dj(d−n), be-
cause for the algebraic closure of the rationals, D1(n) is infinite dimensional
for every n > 0.
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Examples
1. We have F 0(n) = F 1(n) = F 2d(n) = 0, F 2(n) is the prime to p-torsion of
the Neron-Severi group, and F 3(n) is the prime to p-cotorsion of the Brauer
group.
2. If X is a supersingular abelian surface or K3 surface, then H3et(X,Z(1)) has
a direct summand isomorphic to k, dual to itself.
3. We have
H1et(Q,Z(1))
∼= Q× ∼= Z/2⊕
⊕
p
Z
is the Galois invariants of
H1et(Q¯,Z(1))
∼= Q¯× ∼= Q/Z⊕
⊕
p
Q,
where p runs over all finite places of Q¯. This can be explained by the
Galois cohomology sequence associated to the short exact sequence of Galois
modules
0→ TorH iet(X¯,Z(n))→ H
i
et(X¯,Z(n))→ D
i(n)→ 0.
In particular, the action of the Galois group is not compatible with the
decomposition in Theorem 1.1.
3 The e´tale Chow-group
This section gives an overview over some known results in degree 2n.
Equivalence relations
Let X be again a smooth and projective scheme over an algebraically closed field.
The intersection and cup product gives us a diagram of pairings
CHn(X)× CHd−n(X)
∩
−−−→ CHd(X) −−−→ Zy
y
∥∥∥
H2net (X,Z(n))×H
2d−2n
et (X,Z(d− n))
∪
−−−→ H2det (X,Z(d)) −−−→ Zy
y
y
H2net (X,Zl(n))×H
2d−2n
et (X,Zl(d− n))
∪
−−−→ H2det (X,Zl(d)) −−−→ Zl,
(1)
and the kernels of these pairings are the subgroups of elements numerically equiv-
alent to zero, CHnnum(X) ⊆ CH
n(X) and H2nnum(X,Z(n)) ⊆ H
2n
et (X,Z(n)). The
lower pairing is non-degenerate modulo torsion.
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Proposition 3.1. The map
CHn(X)/CHnnum(X)→ H
2n
et (X,Z(n))/H
2n
num(X,Z(n))
is an isomorphism of finitely generated free abelian groups.
Proof. We write AD = Hom(A,Z) for an abelian group A. We have non-
degenerate pairings on N = CHn(X)/CHnnum(X) to Z, which shows that these
groups are torsion free. On the other hand, since the pairings above are compat-
ible, and the lower pairing is perfect after tensoring with Ql, N ⊗Ql injects into
the finite dimensional Ql-vector space H
2n
et (X,Ql(n)). This implies that N ⊗ Q
is finite dimensional. Let {n1, . . . , nr} be elements of N which form a basis of
N ⊗Q, and N1 ⊆ N be the submodule generated by {n1, . . . , nr}. Since N/N1 is
torsion, we have (N/N1)
D = 0, hence the map
M = CHd−n(X)/CHd−nnum(X) ⊆ N
D → ND1
is injective. Thus M injects into a finitely generated free abelian group, hence is
finitely generated free. The same argument applies toH2net (X,Z(n))/H
2n
num(X,Z(n)).
To get the isomorphism, consider the commutative diagram
CHn(X)/CHnnum(X) −−−→ H
2n
et (X,Z(n))/H
2n
num(X,Z(n))∥∥∥
∥∥∥
(
CHd−n(X)/CHd−nnum(X)
)D
←−−−
(
H2d−2net (X,Z(d− n))/H
2d−2n
num (X,Z(d− n))
)D
.
Since CHn(X)Q ∼= H
2n
et (X,Q(n)), the upper map is rationally surjective, hence all
groups are finitely generated free abelian groups of the same rank, and it follows
that all maps are isomorphisms.
We define the groups CHnhom(X) and H
2n
hom(X,Z(n)) of cycles homologically
equivalent to zero to be the kernel of the composition, and of the second map in
CHn(X)→ H2net (X,Z(n))→
∏
l
H2net (X,Zl(n)),
respectively. Since the second map factors through the subgroup limmH
2n
et (X,Z(n))/m,
H2nhom(X,Z(n)) is the group of divisible elements.
Lemma 3.2. The group H2nhom(X,Z(n)) is the maximal divisible subgroup of
H2net (X,Z(n)), and the map
CHn(X)/CHnhom(X)→ H
2n
et (X,Z(n))/H
2n
hom(X,Z(n))
is injective with torsion cokernel.
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Proof. If an element in CHn(X) maps to H2nhom(X,Z(n)), then it vanishes in
l-adic cohomology, hence is contained in CHnhom(X) which implies injectivity.
The cokernel is torsion because the Chow group and e´tale Chow group agree
rationally.
It is conjectured that CHnhom(X) ⊆ CH
n
num(X) agree up to a torsion group.
The same argument as in the Lemma gives:
Lemma 3.3. The map
CHnnum(X)/CH
n
hom(X)→ H
2n
num(X,Z(n))/H
2n
hom(X,Z(n))
is injective with torsion cokernel.
A cycle is algebraically equivalent to zero if it lies in the image of some map
CHn(T ×X)
t∗
1
−t∗
0−−−→ CHn(X)y
y
H2net (T ×X,Z(n))
t∗
1
−t∗
0−−−→ H2net (X,Z(n)),
where T is a smooth connected scheme T (which we can assume to be a smooth
curve) with closed points t0, t1 ∈ T .
We obtain compatible filtrations on Chow groups and e´tale Chow groups
0 ⊆ CHnalg(X) ⊆ CH
n
hom(X) ⊆ CH
n
num(X) ⊆ CH
n(X)y
y
y
y
0⊆ H2nalg(X,Z(n))⊆ H
2n
hom(X,Z(n))⊆ H
2n
num(X,Z(n))⊆ H
2n(X,Z(n)).
The upper and lower groups agree rationally.
Examples
1. (Bloch and Esnault [1]) There are 3-dimensional complete intersections X
over the algebraic closure of a number field such that CH2hom(X) is not
l-divisible, and CH2(X){l} = 0 for some primes l.
2. (Schoen [32]) The triple self-product of an elliptic curve over an algebraically
closed field of characteristic 0 can have infinite CHn(X)/l for 2 ≤ n ≤ d−1,
in particular CHnhom(X)/l is infinite. From the injectivity of CH
2
hom(X) ⊆
CH2(X) → H4et(X,Z(2)) and finiteness of H
4
et(X,Z/l(2)) it follows that
there is a subgroup of infinite rank in CH2(X) which becomes divisible in
H4et(X,Z(2)).
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3. (Schoen [30]) Over the algebraic closure of a finite field of characteristic
larger than 2, and assuming Tate’s conjecture and semi-simplicity of the
Frobenius action, the map CHnhom(X) → H
2n−1
et (X,Ql/Zl(n)) is surjective
for almost all l 6= p and n if the dimension of X is at most 4, and in general
under some additional hypothesis. Note that over the algebraic closure of
a finite field, CHnhom(X) is conjectured to be a torsion group.
4. (Schoen [29]) For any n ≥ 2 there are varieties of dimension 2n−1 such that
the Griffiths group Grn(X) = CHnhom(X)/CH
n
alg(X) has torsion elements.
5. (Schoen [31]) There are smooth, projective varieties V , such that the corank
of CHr(X){l} is infinite for all r in the range 2 < r < dim(X).
Representability
Recall that a group homomorphism from CHnalg(X) to the k-rational points of an
abelian variety A is regular, if for every pointed smooth connected variety t0 ∈ T
and correspondence Γ ∈ CHn(T ×X), the composition with the map
T (k)→ CHnalg(X), t 7→ t
∗Γ− t∗0Γ
is the map induced on closed points by a morphism of schemes T → A. We use
the same concept for the e´tale Chow group:
Definition 3.4. A homomorphism from H2nalg(X,Z(n)) to the k-rational points
of an abelian variety A is regular, if for every pointed smooth connected variety
t0 ∈ T and element Γ ∈ H
2n
alg(T ×X,Z(n)), the composition with
T (k)→ H2nalg(X,Z(n)), t 7→ t
∗Γ− t∗0Γ
is the map induced on closed points by a morphism of varieties T → A.
Theorem 3.5. There is a universal object ρn : H
2n
alg(X,Z(n)) → An for regular
homomorphisms from H2nalg(X,Z(n)) to abelian varieties.
Proof. This follows by the argument of Serre [33] and H. Saito [27] because the
dimension of surjective maps to abelian varieties is bounded.
In [24], [25], Murre studied the situation for Chow groups, and he proved
that a universal homomorphism to abelian varieties exists for dimension 0, and
codimensions 1 and 2, so also [17].
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4 Other bases
Finite fields
We mention a conjecture on the structure of motivic cohomology groups over
finite fields:
Conjecture 4.1. (Lichtenbaum [20])
H iet(X,Z(n)) =


finite i 6= 2n, 2n+ 2,
finitely generated i = 2n,
cofinite type i = 2n+ 2.
We note that a small modification of e´tale motivic cohomology, called Weil-
e´tale cohomology, yields groups which are conjecturally finitely generated for all
i, [21, 8].
Example 4.2. For X a point we have
H iet(Fq,Z(n)) =


Z (i, n) = (0, 0)
Q/Z (i, n) = (2, 0)
Z/qn − 1 i = 1, n > 0
0 otherwise
For n = 0 this is the calculation of Galois cohomology, and for n ≥ 1, the
groups H iet(Fq,Z(n)) are annihilated by q
n − 1 by [9, Thm. 4.6], hence they are
isomorphic to the well-known groups H i−1et (Fq,Q/Z(n)).
Proposition 4.3. Lichtenbaum’s conjecture is true for curves.
Proof. By Soule´ [35], H iet(X,Z(n)) is torsion unless (i, n) = (0, 0) or (2, 1), in
which case the groups are Z and Z ⊕ (finite), respectively. On the other hand,
H iet(X,Q/Z(n)) is of cofinite type, and finite unless (i, n) = (0, 0), (1, 0), (2, 1), or
(3, 1). It follows that TorH iet(X,Z(n)) is finite unless (i, n) = (1, 0), (2, 0), (3, 1),
or (4, 1). Finally, H1et(X,Z(0)) = 0 and finiteness of H
3
et(X,Z(1)) = Br(X),
follows from Tate’s theorem.
Proposition 4.4. For i < 2n, Conjecture 4.1 is true up to a uniquely divisible
group, and true if and only Parshin’s conjecture holds. For i ≥ 2n + 2, it holds
unconditionally, and for i = 2n + 1, it is equivalent to Tate’s conjecture on the
surjectivity of the cycle map.
The conjecture holds for all X and n in all degrees if and only if Tate’s conjec-
ture holds, the Frobenius acts semi-simply at the eigenvalue 1 on H2net (X¯,Ql(n)),
and rational and numerical equivalence agree up to torsion on codimension n
cycles, for all X and n.
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Proof. By theWeil conjectures and Gabber’s theorem, the groupsH iet(X,Q/Z(n))
and
∏
lH
i
et(X,Zl(n)) are finite unless i = 2n, 2n + 1. Thus the conjecture fol-
lows for i ≥ 2n + 2, because H i−1et (X,Q/Z(n)) surjects onto the torsion group
H iet(X,Z(n)), which implies that they are of cofinite type, and finite for i > 2n+2.
For i < 2n, the finite group H i−1et (X,Q/Z(n)) surjects onto TorH
i
et(X,Z(n)),
and since H iet(X,Z(n))⊗Q/Z = 0, the short exact sequence
0→ TorH iet(X,Z(n))→ H
i
et(X,Z(n))→ H
i
et(X,Q(n))→ 0
shows that H iet(X,Z(n)) modulo torsion is uniquely divisible. The vanishing of
this uniquely divisible subgroup is a restatement of Parshin’s conjecture.
For i = 2n consider the sequence
0→ H2net (X,Z(n))
∧l → H2net (X,Zl(n))→ TlH
2n+1
et (X,Z(n))→ 0.
The group of cofinite type H2n+1et (X,Z(n)) is finite if and only if its Tate module
vanishes if and only if the injection H2net (X,Z(n))
∧l → H2net (X,Zl(n)) of finitely
generated Zl-modules is an isomorphism. This is equivalent to Tate’s conjecture,
because in the composition
CHn(X)⊗ Zl → H
2n
et (X,Z(n))⊗ Zl → H
2n
et (X,Z(n))
∧l
the first map is rationally an isomorphism, and the second map is surjective by
Nakayama’s Lemma.
The final statement is [8, Thm. 8.4]. Indeed, under all those conjectures, Weil-
e´tale cohomology and e´tale cohomology agree in degrees≤ 2n andH2n+1et (X,Z(n))
∼=
TorH2n+1W (X,Z(n)) by loc.cit. Thm. 7.1.
Local fields
Theorem 4.5. Let k be a p-adic field of residue characteristic p. ThenH iet(X,Z(n))
is the direct sum of a finite group and a group which is uniquely l-divisible for all
l 6= p, if one of the following two conditions holds
1. X has good reduction and i 6∈ {2n− 1, 2n, 2n+ 1, 2n+ 2}
2. i 6∈ {n, . . . , n+ d+ 2}
For i = 2n−1 andX with good reduction, or for i = n in general, TorH iet(X,Z(n))
is finite plus p-torsion.
Proof. Assume first that X has a smooth model X with closed fiber Y . Then
after inverting p, purity [4] gives an exact sequence
· · · → H iet(X ,Q/Z(n))→ H
i
et(X,Q/Z(n))→ H
i−1
et (Y,Q/Z(n− 1))→ · · · .
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The left hand term is isomorphic to H iet(Y,Q/Z(n)) by the proper base change
theorem. From the Weil conjectures and Gabber’s theorem [5], we know that
Hjet(Y,Q/Z(u)) is finite for j 6= 2u, 2u+ 1, and it follows that H
i
et(X,Q/Z(n)) is
finite for i 6= 2n−1, 2n, 2n+1 after inverting p. In particular, H iet(X,Z(n))⊗Q/Z
is a p-group, and TorH i+1et (X,Z(n)) is the direct sum of a p-group of cofinite type
and a finite group, hence a direct summand [15]. Finally, the sequence
0→ TorH iet(X,Z(n))→ H
i
et(X,Z(n))→ H
i
et(X,Q(n))→ (p− group)→ 0
show that H iet(X,Z(n)) modulo its torsion subgroup is uniquely l-divisible for all
l 6= p.
For general X , Kahn [14, Thm.6 a)] uses a strengthening of the above argu-
ment to show that, for any X , H iet(X,Q/Z(n)) is finite after localizing at l 6= p
for i 6∈ {n, . . . , n+ d+ 1}. The rest of the proof continues as above.
Example 4.6 (Weight 0, 1). The bounds in the good reduction case are sharp. If
X has a rational point, then for r = [k : Qp], we obtain
i = 2n− 1 H1et(X,Z(1))
∼= k× ∼= Z⊕ Zrp ⊕ (finite)
i = 2n H0et(k,Z(0))
∼= Z
H2et(X,Z(1))
∼= Pic(X) ∼= (fin.gen.)⊕ Zr dimPic
0
X
p
i = 2n+ 1 H3et(k,Z(1))
∼= Br(k) ∼= Q/Z
i = 2n+ 2 H2et(k,Z(0))
∼= Hom(Gk,Q/Z) ∼= Q/Z⊕ (Qp/Zp)
r ⊕ (finite)
The structure of the Picard group follows from a theorem of Mattuck. The former
groups have free summands, and the latter have infinite torsion summands.
Moreover, a trace argument shows that H iet(k,Z(n)) is a direct summand of
H2d+iet (X,Z(d+ n)), i.e. the above phenomena occur for higher weights as well.
Example 4.7 (Curves, weight 1). If C is a curve of genus g over a p-adic field,
then
H1et(C,Z(1))
∼= k× ∼= Z⊕ Zrp ⊕ (finite)
H2et(C,Z(1))
∼= PicC ∼= Z⊕ Zgrp ⊕ (finite)
H3et(C,Z(1))
∼= BrC ∼= Q/Z⊕ (Qp/Zp)
gr ⊕ (finite)
The Brauer group is dual to the Picard group by Lichtenbaum [19].
Example 4.8 (Weight d+ 1). From the isomorphism
(TorH2et(X,Z))
∗ ∼= H1et(X,Q/Z)
∗ = piab1 (X),
and Poincare´ duality H1et(X,Z/m)
∗ ∼= H2d+1et (X,Z/m(d)), we obtain a short exact
sequence
0→ H2d+1et (X,Z(d+ 1))
∧ → piab1 (X)→ TH
2d+2
et (X,Z(d+ 1))→ 0.
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If X is a curve, then H3et(X,Z(2))
∼= SK1(X), and we recover the exact se-
quence of Saito [28, Thm. 2.6]. In particular, corankH4et(X,Z(2)) = rankH1(Γ,Z) =
rankH1et(X,Z), which is zero if X has good reduction. In arbitrary dimension,
Yoshida shows [36] that corankH2d+2et (X,Z(d+ 1)) is the dimension of the max-
imal split torus of the Neron model of AlbX
Question 4.9. 1) If X has good reduction and i ≤ 2n, is H iet(X,Z(n)) the direct
sum of a finitely generated group and a finitely generated torsion free Zp-module
(or at least a torsion free Z(p)-module)?
2) If X has good reduction and i > 2n, is H iet(X,Z(n)) the direct sum of a
cotorsion group and a cofinitely generated torsion Z(p)-module?
Example 4.8 shows that the answer to the first question is negative if X does
not have good reduction.
Question 4.10. Outside the range of the theorem, the groups H iet(X,Ql/Zl(n))
can have non-zero divisible subgroups, and the groups H iet(X,Qp/Zp(n)) have at
least the same corank as H i−1et (X¯,Qp/Zp) for all i and n [14, Cor. 11]. Do
these groups correspond to a non-torsion subgroup of H iet(X,Z(n)) or a torsion
subgroup of H i+1et (X,Z(n)) in the short exact coefficient sequence
0→ H iet(X,Z(n))⊗Ql/Zl → H
i
et(X,Ql/Zl(n))→ H
i+1
et (X,Z(n)){l} → 0 ?
Question 4.11. In the examples, the uniquely l-divisible groups appearing have
a structure of an Ok-module. Is there such a structure in general on a subgroup
(of countable index) of H iet(X,Z(n))?
Arithmetic schemes
Let j : B → C be an open subset of the spectrum of the ring of integers of a
number field or of a smooth and proper curve over a finite field, and let S = C−B
be the set of those places of C not corresponding to a point in B, including the
infinite places. Let f : X → B be smooth and proper, and d the dimension of X .
For a complex of sheaves F · on X we define cohomology with compact support
as the e´tale cohomology with compact support on B of Rf!F
·, see [16, §3] and
[23, II §2]. If B is a curve over a finite field, or if we disregard 2-torsion, then this
is the cohomology of j!Rf∗F
· on C. By construction, there is an exact sequence
[23, Prop. II 2.3]
· · · → H ic(X,F
·)→ H iet(X,F
·)→
⊕
v∈S
H iet(X ×B Kv,F
·)→ · · · , (2)
for Kv the completion of the function field K of B at the place v; in case of
real fields, it is the Tate-modified cohomology of RΓet(XC,F
·). For properties
of Bloch’s higher Chow groups on smooth schemes over a Dedekind ring see [7].
The following is the analog of Conjecture 4.1:
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Conjecture 4.12. (Lichtenbaum) If X is regular and proper over the ring of
integers of a number field, then the groups H iet(X,Z(n)) are finitely generated for
i ≤ 2n, finite for i = 2n+ 1 and of cofinite type for i ≥ 2n+ 2.
Since the Tate-cohomology of RΓet(XC,Z(n)) is easily seen to be a finite 2-
group, this is equivalent to the same statement for H ic(X,Z(n)). The following
example shows that the analog statement does not hold for arbitrary B.
Example 4.13. Let X = B be as above. Then we have the following isomor-
phisms and exact sequences [23, II Prop. 2.1, 2.6, Cor. 2.11]:
n = 0:
H0et(B,Z)
∼= Z,
H1et(B,Z)
∼= 0,
H2et(B,Z)
∼= Hom(piab1 (B),Q/Z).
n = 0, compact support:
0→ H0c (B,Z)→ Z→
⊕
v∈S
Z→ H1c (B,Z)→ 0,
0→ H2c (B,Z)→ pi
ab
1 (B)
∗ →
⊕
v∈S
piab1 (Kv)
∗ → H3c (B,Z)→ H
3
et(B,Z)→ 0.
n = 1:
H1et(B,Z(1))
∼= Γ(B,Gm)
×,
H2et(B,Z(1))
∼= Pic(B),
0→ H3et(B,Z(1))→
⊕
v∈S
Br(Kv)→ Q/Z→ H
4
et(B,Z(1))→ 0.
The last group vanishes if B 6= C; the higher groups are 2-torsion.
n = 1, compact support:
H3c (B,Z(1))
∼= 0,
H4c (B,Z(1))
∼= Q/Z,
H ic(B,Z(1)) = 0, i > 4.
The following is well-known, but we give a proof for the convenience of the
reader:
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Proposition 4.14. If n ≥ 2 and B is as above, then H iet(B,Z(n)) is finitely
generated.
1) In the number field case, H1et(B,Z(n)) is finitely generated of rank r1 + r2
and r2 if n is odd and even, respectively, and all other groups are finite.
2) In the function field case, the groups H iet(B,Z(n)) are finite for all i.
Proof. 1) ForB = SpecOF , the case of (non-e´tale) motivic cohomologyH
i
M(B,Z(n))
has been treated in [18, Prop. 2.1]. By the Rost-Voevodsky theorem and [7], this
gives the result for i ≤ n+ 1. Since the groups H iet(Fq,Z(n)) are finite for n ≥ 1
by Example 4.2, the long exact sequence of [10, Cor. 7.2] shows that the result
holds for arbitrary B. If i > n+ 1 ≥ 3, the same long exact sequence shows that
H iet(B,Z(n))
∼= H iet(K,Z(n))
∼= H i−1et (K,Q/Z(n))
which is (at most) a finite 2-group.
2) Since Z/p(n) = 0 by [11], the groups are uniquely p-divisible. Away from
p, we can use the localization sequence and purity to conclude by the known
motivic cohomology of C (Thm. 4.3) and finite fields (Example 4.2).
Example 4.15. There are smooth and proper abelian schemes X of dimension
3 over B such that H4et(X,Z(2)) contains a divisible torsion group [26].
Lichtenbaum’s conjecture suggests the following more general
Conjecture 4.16. The groups H iet(X,Z(n)) are a direct sum of a finitely gener-
ated group and a group of cofinite type.
The analog statement does not hold for H ic(X,Z(n)) if S contains a finite
prime v; for example the uncountable group K×v /K
× maps onto H2c (B,Z(1)).
To end the paper, we consider an analog of the Tate-Shafarevich group:
Question 4.17. Is the group
Shi,n(X) = kerH iet(X,Z(n))→
⊕
v∈S
H i(X ×B Kv,Z(n))
finite if S contains at least one finite prime?
If S does not contain any finite prime, then Sh4,1(B) ∼= Q/Z, hence the
condition is necessary.
Example 4.18. It is easy to see that
Sh0,0(X) = Sh1,0(X) = Sh0,1(X) = Sh1,1(X) = 0.
Theorem 4.19. If f : X → B is smooth and proper, then Sh3,1(X) is finite if
and only if Sh(Pic0,redXη/η) is finite.
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Proof. Recall that Z(1) ∼= Gm[−1]. Replacing B by f∗O(X), we can assume that
f∗Gm ∼= Gm. Indeed, since X is normal, so is f∗O(X), hence is an open subset
of the ring of integers of a number field or smooth and proper curve over a finite
field again. Moreover, f ′ : X → Spec f∗O(X) is again smooth by SGA I, II Cor.
2.2, and proper. Consider the spectral sequence
Hset(B,R
tf∗Gm)⇒ H
s+t
et (X,Gm),
and compare it with the local situation:
d2−−−→ E2,0 = H2et(B,Gm) = Br(B) −−−→ Br(X) = H
2
et(X,Gm)
α
−−−→y β
y
d2−−−→
⊕
vH
2
et(Kv,Gm) −−−→
⊕
H2et(X ×B Kv,Gm)
The left vertical map is injective by Example 4.13, and the kernel of the lower
horizontal is finite. Indeed, for each v, X×BKv has a rational point over a finite
extension of degree d, and then the l-component of the kernel is cyclic of order
dividing d. We conclude that kerα ∩ ker β is finite, and so it suffices to consider
the quotient Br0(X) = Br(X)/ imBr(B). From the spectral sequence we obtain
a short exact sequence
0→ H1et(B,R
1f∗Gm)→ Br0(X)→ H
0
et(B,R
2f∗Gm)
d2→ · · · .
Let g : η → B be the inclusion of the generic point of B. Since Br(Y ) ⊆ Br(k(Y ))
for any regular integral scheme Y , we obtain that R2f∗Gm ⊆ g∗R
2f∗Gm|η. Hence
H0et(B,R
2f∗Gm) ⊆ H
0
et(B, g∗R
2f∗Gm|η) = Br(X ×B K¯)
Gal(K),
and the latter is a subgroup of H0et(Kv, R
2f∗Gm) ∼= Br(X×B K¯v)
Gal(Kv) for any v,
because Br(XK¯) ⊆ Br(XL¯) for an extension K¯ ⊆ L¯ of algebraically closed fields
by Proposition 2.4.
It remains to consider H1et(B,P ) for P = R
1f∗Gm. We claim that there is
isomorphism P ∼= g∗g
∗P . Indeed, the map of stalks at a closed point of B is
H1et(X ×B B
sh
v ,Gm)→ H
1
et(X ×B K
sh
v ,Gm), for B
sh
v the strict henselization of B
at v andKshv its fields of fractions. This map is an isomorphism by the localization
sequence of higher Chow groups because X is smooth.
Now consider the reduced connected component A = Pic0,redXη/η of the Picard
scheme g∗P = PicXη/η at the generic point. Then g∗A is represented by the
Neron model A of A. Hence the exact sequence 0 → A → g∗P → NS(Xη) → 0
induces an exact sequence 0 → A → g∗g
∗P → N → 0, where N is a subgroup
of g∗NS(Xη). The resulting long exact sequence of cohomology groups shows
that H1et(B,A)→ H
1
et(B, g∗g
∗P ) ∼= H1et(B,P ) differ by a finite group. Similarly,
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H1et(Kv, A) → H
1
et(Kv, g
∗P ) differ by a finite group. Thus we can conclude by
the isomorphism
Sh(A) ∼= kerH1et(B,A)→
⊕
v∈S
H1et(Kv, A)
of [23, II Lemma 5.5].
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